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An opposite polarity dusty plasma system (containing a few micron size massive opposite polarity
dust species and singly charged ion species following Boltzmann law) is considered. The nature
of dust-acoustic (DA) wave electrostatic and self-gravitational potentials are correctly found by
the numerical analysis of two coupled second-order nonlinear differential equations for electrostatic
and self-gravitational potentials associated with the DA waves in such an opposite polarity dusty
plasma medium. These coupled nonlinear differential equations are derived from the continuity and
momentum equations for positive and negative dust species, and the Boltzmann law for ion species.
The basic features of the DA wave self-gravitational potential are compared with that of the DA
wave electrostatic potential. The relevance of our results to space and laboratory opposite polarity
dusty plasma systems is mentioned.
PACS numbers: 52.27.Lw; 52.30.Ex; 52.35.Fp
I. INTRODUCTION
After the confirmation of the existence of opposite po-
larity dust species (OPDS) in space [1–4] and laboratory
devices [5–7], the opposite polarity dusty plasma (OPDP)
systems have received a great deal of interest in under-
standing the physics of electrostatic and self-gravitational
perturbation in space environments (viz. Earth’s meso-
sphere [1, 4], cometary tails [3], Saturn rings [2, 3], etc.)
and different laboratory devices [5–7]. The most im-
portant property of this OPDP, which makes the latter
unique and different from other types of pair plasmas
(viz. electron-ion and electron-positron plasmas), is that
the ratio (%) of the size of positive dust species to that of
negative dust species can be smaller or larger than unity,
even it can be equal to unity [8–11]. The size of the
dust species is very important because of its important
role in determining the mass and charge of dust species
in situations of both positive and negative dust species
[8–11].
The OPDP systems have been considered by a large
number of authors [12–37] to investigate nonlinear struc-
tures (viz. solitary and rogue waves, shock structures,
double layers, etc.) associated with dust-acoustic (DA)
waves in such a novel OPDP medium during the last two
decades. These works are valid only when the effect of
the self-gravitational force is negligible in comparison to
the electrostatic force or the effect of self-gravitational
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force is insignificant. But the effect of self-gravitational
force increases as the size of OPDS increases, and begins
to play the significant role on the dynamics of the OPDS.
It is now well established that on the dynamics of OPDS
in OPDP system with rd > 1µm (where rd is the dust
grain radius), the effect of gravitational force is compa-
rable to or greater than that of the electrostatic force
[8–11, 38, 39], and that the dust sizes vary from 1µm
to 15µm in the most space and laboratory dusty plasma
systems [1–11]. Thus, the dynamics of the OPDS in any
OPDP system with rd > 1µm is governed by the com-
bined effects of electrostatic and self-gravitational forces.
It means that the effect of the self-gravitational force can-
not be neglected in any investigation on collective pro-
cesses in such OPDP systems.
Mamun and Schlickeiser [40] first considered a self-
gravitating OPDP system containing cold OPDS and
Boltzman distributed ion species (BDIS), which obeys
the Boltzmann law, to study effects of self-gravitational
field on the DA solitary waves [40]. Then [40] included
the effect of strong co-relation among positive as well
as negatively charged dust species, and studied the DA
shock waves [41]. The works of Mamun and Schlickeiser
[40, 41] have been further extended to different realis-
tic situations of space and laboratory OPDP systems by
a number authors, viz. Sabetkara and Dorranian [42],
El-Taibany et al. [43], Sumi et al. [44], etc. Sabetkara
and Dorranian [42] considered the self-gravitating OPDP
system containing OPDS, kappa distributed ion species,
and Boltzmann electron species to study the DA soli-
tary waves and double layers. El-Taibany et al. [43] as-
sumed the self-gravitating OPDP system (containing in-
ertial cold OPDS and q-distributed ion as well as electron
species) in presence of external magnetic field and polar-
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2ization force acting on OPDS to study the DA periodic
and solitary waves. Sumi et al. [44] considered a self-
gravitating dissipative OPDP system containing trapped
ion and Boltzmann electron species to investigate the ef-
fect of trapped ions on the DA shock waves.
The works [40–44] discussed above have been per-
formed by employing the reductive perturbation method
with appropriate stretching of independent variables [45],
which are valid for small amplitude DA solitary and
shock waves in self-gravitating OPDP systems. To the
best knowledge of the authors, no correct work, which
is valid for arbitrary value of DA electrostatic and self-
gravitation potentials, are carried out so far. Therefore,
in our present work, we consider the perturbed state of
a self-gravitating OPDP system containing OPDS and
Boltzmann ion species, derive two coupled second-order
nonlinear differential equations (which are valid for arbi-
trary values of electrostatic and self-gravitational poten-
tials associated with the DA waves), numerically solve
them to estimate the values of these potentials, and to
make a well-defined comparison between the electrostatic
and self-gravitational wave potentials.
The manuscript is structured as follows. The basic
equations governing the dynamics of nonlinear DA waves
propagating in the perturbed state of a self-gravitating
OPDP system are given in Sec. II. Two coupled second-
order nonlinear differential equations (which are valid for
arbitrary values of the electrostatic and self-gravitational
potentials associated with the DA waves) are derived and
numerically solved them to estimate and compare the
values of these potentials for two opposite situations (viz.
% < 1 and % > 1) in Sec. III. A brief discussion is finally
provided in Sec. IV.
II. GOVERNING EQUATIONS
We consider a self-gravitating OPDP system contain-
ing the OPDS and BDIS. Thus, at equilibrium, we have
Z+N
0
+ + N
0
i = Z−N
0
−, where N0+ (N0−) and N0i are the
positive (negative) dust number density, and BDIS num-
ber density, respectively. The perturbed state of such a
OPDP system is governed by
∂N˜±
∂t
+
∂
∂x
[(N˜± + 1)U±] = 0 , (1)
∂U±
∂t
+ U±
∂U±
∂x
= −S± ∂Φ
∂x
− ∂Ψ
∂x
, (2)
∂2Φ
∂x2
= N˜− − αN˜+ − (1− α)(Wi − 1) , (3)
∂2Ψ
∂x2
= γ(N˜− + βN˜+) , (4)
where the upper (lower) subscript + (−) stands for pos-
itive (negative) dust species; N˜+ (N˜−) is the perturbed
part of the positive (negative) dust number density nor-
malized by its equilibrium value N0+ (N0−); U+ (U−) is
positive (negative) dust fluid speed normalized by Cd− =
(Z−kBTi/m−)1/2 (Ti being the ion temperature and kB
being the Boltzmann constant); Φ is the DA wave electro-
static potential normalized by kBTi/e; Ψ is the DA wave
self-gravitational potential normalized by C2d−; Wi =
exp(−Φ) represents the BDIS number density normalized
to its equilibrium N0i ; x is the space variable normalized
by λDm = (kBTi/4piZ−N0−e2)1/2, t is the time variable
normalized by the inverse of the negatively charged dust
plasma frequency ω−1p− = (m−/4piZ2−N0−e2)1/2; S+ =
µ (= Z+m−/Z−m+) and S− = −1; α = Z+N0+/Z−N0−,
β = N0+m+/N
0
−m−, and γ = ω2J−/ω
2
p− [with ωJ− =
(4piGN0−m−)
1/2 being the Jeans frequency for the nega-
tive dust species and G being the universal gravitational
constant]. The basic equations describing the perturbed
state of the OPDP system under consideration can be
interpreted as follows.
• Equation (1) is the continuity equation for per-
turbed positive and negative dust fluids, where ef-
fects of source and sink terms have been neglected.
• Equation (2) represents the momentum equations
for positive and negative dust fluids, where the ef-
fects of electrostatic and self-gravitation forces are
included. These are provided by the first and sec-
ond terms on the right-hand side of it.
• Equation (3) represents Poisson’s equation for the
perturbed electrostatic potential. The last term of
it represents the perturbed part of the number den-
sity of the BDIS.
• Equation (4) represents Poisson’s equation for per-
turbed self electrostatic potential. It is important
to note here that the effect of the self-gravitational
force on ion species has been neglected since the
mass number density of the ion species is neglected
in comparison with that of the positive or negative
dust species.
We note that we have neglected the contribution of the
free electrons since the latter were almost completely de-
pleted to the surface of the negative dust species, and
that we have started with the perturbed state of the
OPDP system, since we interested in examining wave
electrostatic and self-gravitational potential structures,
and since Poisson’s equation for the self-gravitational
potential cannot be defined at equilibrium state of the
OPDP system under present consideration.
III. ELECTROSTATIC AND
SELF-GRAVITATIONAL POTENTIALS
We first assume that all the dependent variables de-
pend only on a single variable ξ = x −Mτ with τ = t,
where M is the DA wave speed normalized by Cd−, and
3express (1)−(4) as
∂N˜±
∂τ
−M ∂N˜±
∂ξ
+
∂
∂ξ
[
(N˜± + 1)U±
]
= 0 , (5)
∂U±
∂τ
−M ∂U±
∂ξ
+ U±
∂U±
∂ξ
= −S± ∂Φ
∂ξ
− ∂Ψ
∂ξ
, (6)
∂2Φ
∂ξ2
= N˜− − αN˜+ − (1− α)(Wi − 1) , (7)
∂2Ψ
∂ξ2
= γ(N˜− + βN˜+) . (8)
Now, using (5) and (6) along with the steady state
(∂/∂τ → 0) and boundary conditions (N˜± → 0, U± → 0,
Φ→ 0, and Ψ→ 0 at ξ → ±∞), one can express N˜± as
N˜± =
U±
M − U± , (9)
where
U± = M
[
1−
√
1− 2(S±Φ + Ψ)
M2
]
. (10)
Equation (10) yields
N˜+ =W+ − 1 , (11)
N˜− =W− − 1 , (12)
where
W+ =
[
1− 2
M2
(µΦ + Ψ)
]− 12
, (13)
W− =
[
1 +
2
M2
(Φ−Ψ)
]− 12
. (14)
Now, substituting (11) and (12) into (7) and (8), we ob-
tain two coupled equations in the form
d2Φ
dξ2
= (W− − 1)− α(W+ − 1)− (1− α)(Wi − 1), (15)
d2Ψ
dξ2
= γ[(W− − 1) + β(W+ − 1)] . (16)
We now numerically analyze the two coupled equations
represented by (15) and (16) to estimate the electrostatic
and self-gravitational potentials associated with the DA
waves in the self-gravitating OPDP system in two oppo-
site situations, namely % < 1 and % > 1.
A. % < 1
We first consider the OPDP system, where % < 1. The
latter indicates that the size (which significantly increases
the mass and the magnitude of dust charge) of the pos-
itively charged dust species is smaller than that of the
negatively charged species. We have first numerically an-
alyzed (15) and (16) to estimate the electrostatic and self-
gravitational potentials (Φ and Ψ) and to compare the
value of one with that of the other in the self-gravitating
OPDP system in the situation of % < 1. The numerical
results are displayed in figures 1-3, where we have used
exactly the same set of OPDP parameters (viz. α = 0.1-
0.6, β = 0.1, µ = 0.1, M = 1.1 and γ = 0.7) which
satisfy % < 1. We note that γ and M is independent of
the size of the positive dust species, and have no any role
in violating the condition % < 1.
It is important to mention that in the left panels of
figures 1 and 2, we have numerically integrated (15) and
(16) from ξ = 0 to ξ = −∞ with the conditions Φ = Φm
and Ψ = Ψm [where Φm (Ψm) is the maximum value
of the electrostatic (self-gravitational) potentials in its
profile] at ξ = 0, and that in the right panels of figures 1
and 2, we have numerically integrated (15) and (16) from
ξ = 0 to ξ = ∞ with the same conditions (viz. Φ = Φm
and Ψ = Ψm at ξ = 0). It is obvious from figures 1
and 2 that the variation of both electrostatic and self-
gravitational) potentials with space variable (ξ) represent
the DA solitary like structures associated with Φ > 0 and
Ψ < 0. They imply that both amplitude and width of
these DA solitary like structures increase with the rise of
the value of α. On the other hand, figure 3 represents
a well-defined comparison between the electrostatic and
self-gravitational wave potentials (Φ and Ψ). It indicates
that the self-gravitational potential (Ψ) increases with
the increase in the electrostatic potential (Φ), and that
as the value of α increases the self-gravitational poten-
tial (Ψ) and the electrostatic potential (Φ) decrease. It
is also seen that the electrostatic wave potential (Φ) is
approximately twenty times larger than that of the self-
gravitational wave potential (Ψ). The solid (correspond-
ing to α = 0.1), dotted (α = 0.3), dashed (α = 0.5)
and dot-dashed (α = 0.6) curves end at Ψ ' −0.0175,
Ψ ' −0.014, Ψ ' −0.01, and Ψ ' −0.0085 respectively.
This is due to fact that the upper limit for the value of
the self-gravitational potential reduces as the value of α
increases, and after the end points of these curves, the
electrostatic force completely dominated over the grav-
itational force. The OPDP parameters used in the nu-
merical analysis depicted in figures 1−3 correspond to
any OPDP system, where % < 1, i.e. the size of the pos-
itively charged dust species is smaller than that of the
negatively charged dust species.
B. % > 1
We now consider the situation opposite to that consid-
ered in subsection A, i.e. % > 1 indicating that the size
of the positively charged dust species is larger than that
of the negatively charged dust species. We have again
numerically analyzed (15) and (16) to estimate the elec-
trostatic and self-gravitational potentials (Φ and Ψ) and
to compare the value of one with that of the other
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FIG. 1: The variation of Φ with ξ in −ξ-axis (left panel) and in +ξ-axis (right panel) for β = 0.1, µ = 0.1, γ = 0.7, M = 1.1,
α = 0.1 (solid curve), α = 0.3 (dotted curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed curve).
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FIG. 2: The variation of Ψ with ξ in −ξ axis (left panel) and in +ξ axis (right panel) for β = 0.1, µ = 0.1, γ = 0.7, M = 1.1,
α = 0.1 (solid curve), α = 0.3 (dotted curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed curve).
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FIG. 3: The variation of Φ with Ψ for β = 0.1, µ = 0.1,
γ = 0.7, M = 1.1, α = 0.1 (solid curve), α = 0.3 (dotted
curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed
curve).
in the situation of % > 1. The numerical results are
depicted in figures 4–6, where we have used exactly the
same set of OPDP parameters (viz. α = 0.1-0.6, β = 2.0,
µ = 1.1, M = 1.1, and γ = 0.7) which satisfy % > 1. We
again note that γ andM is independent of the size of the
positive dust species, and have no any role in violating
the condition % > 1. We also note that our OPDP system
under consideration does not allow Z+N0+ > Z−N0− (i.e.
α > 1) which breaks down the quasi-neutrality. There-
fore, the DA wave electrostatic potential with Φ < 0 has
not been observed. It is important to mention that in
the left panels of figures 4 and 5, we have numerically
integrated (15) and (16) from ξ = 0 to ξ = −∞ with the
conditions Φ = Φm and Ψ = Ψm at ξ = 0, and that in
the right panels of figures 4 and 5, we have numerically
integrated (15) and (16) from ξ = 0 to ξ = ∞ with the
same conditions (viz. Φ = Φm and Ψ = Ψm at ξ = 0). It
is obvious from figure 4 (5) that the variation of the elec-
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FIG. 4: The variation of Φ with ξ in −ξ axis (left panel) and in +ξ axis (right panel) for β = 2.0, µ = 1.3, γ = 0.7, M = 1.1,
α = 0.1 (solid curve), α = 0.3 (dotted curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed curve).
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FIG. 5: The variation of Ψ with ξ in −ξ axis (left panel) and in +ξ axis (right panel) for β = 2.0, µ = 1.3, γ = 0.7, M = 1.1,
α = 0.1 (solid curve), α = 0.3 (dotted curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed curve).
trostatic (self-gravitational) potential with space variable
(ξ) represents the DA solitary like structures associated
with Φ > 0 (Ψ > 0). They imply that the amplitude and
width of both electrostatic and self-gravitational solitary
like structures decrease with the increase in the value of
α. On the other hand, 6 represents a well-defined com-
parison between the electrostatic and self-gravitational
wave potentials (Φ > 0 and Ψ > 0). It indicates that
the self-gravitational potential (Ψ) increases with the in-
crease in the electrostatic potential (Φ), and that as the
value of α increases the self-gravitational potential (Ψ)
and the electrostatic potential(Ψ) decreases. It is also
seen that the magnitude of the electrostatic wave poten-
tial (Φ) is approximately five times larger than that of the
self-gravitational wave potential (Ψ). The solid (corre-
sponding to α = 0.1), dotted (corresponding to α = 0.3),
dashed (α = 0.5), and dot-dashed (α = 0.6) curves end
at Ψ ' 0.07, Ψ ' 0.044, Ψ ' 0.027, and Ψ ' 0.02, re-
spectively. This is due to fact that the upper limit for
the value of the self-gravitational potential reduces as
the value of α increases, and after the end points of these
curves, the electrostatic force completely dominated over
the gravitational force. The OPDP parameters used in
the numerical analysis depicted in figures 4−6 correspond
to any OPDP system, where % > 1, i. e. the size of the
positively charged dust species is larger than that of the
negatively charged dust species. It is found here that the
present situation (% > 1) of OPDP system supports the
DA self-gravitational solitary like structures with Ψ > 0,
but the opposite situation (% < 1) considered in subsec-
tion A supports the DA self-gravitational solitary like
structures with Ψ < 0. It is important to note that any
OPDP system satisfying either % < 1 or % > 1 supports
the DA wave electrostatic solitary like structures with
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FIG. 6: The variation of Φ with Ψ for β = 2.0, µ = 1.3,
γ = 0.7, M = 1.1, α = 0.1 (solid curve), α = 0.3 (dotted
curve), α = 0.5 (dashed curve), and α = 0.6 (dot-dashed
curve).
Φ > 0. It is observed from figures 1−6 that DA wave
electrostatic potential decreases with µ, but it does not
change with β and γ. On the other hand, the DA self-
gravitational potential increases rapidly with β and µ.
The increase in γ causes to increase (decrease) the am-
plitude of DA self-gravitational solitary like structures
with Ψ > 0 (Ψ < 0). As we increase β and µ, the self-
gravitational forces completely dominate over the elec-
trostatic forces since α is always less than 1.
IV. DISCUSSION
The self-gravitating OPDP system containing OPDS
and BDIS has been considered, and the basic features
(viz. polarity, amplitude, and width) of the solitary like
structures associated with the DA wave electrostatic and
self-gravitational potentials have been examined by the
numerical analysis of two coupled second-order nonlinear
differential equations. The latter have been derived from
the continuity and momentum equations for the positive
and negative dust species, and the Boltzmann law for
the ion species. The results obtained from the numerical
analysis, which has been been displayed by the figures
1−6, can be pinpointed as follows:
• The DA wave electrostatic and self-gravitational
potentials (Φ and Ψ) decrease with the increase in
the value of space variable ξ in the form of solitary-
like structure, and that Φ → 0 and Ψ → 0 at
ξ → ±∞, and |Φ| and Ψ are maximum at ξ = 0.
• The OPDP system with % < 1, i.e. with the size
of positively charged dust species is smaller than
that of negatively charged dust species, supports
the DA solitary structures with Φ > 0 and Ψ < 0,
but the system with the opposite situation (% < 1,
i.e. the size of positively charged dust species is
larger than that of negatively charged dust species)
the DA solitary structures with Φ > 0 and Ψ >
0. This means that any OPDP system satisfying
either % < 1 or % > 1 supports the electrostatic
solitary structures with Φ > 0.
• The magnitude of the DA electrostatic and self-
gravitational potentials (Φ and Ψ) increase with
the decrease in α.
• The DA wave electrostatic potential is much larger
than the DA wave self-gravitational potential.
However, the DA wave self-gravitational potential
becomes larger than the DA wave electrostatic po-
tential with the rise of the values of β. This is due
to the facts that the masses of the OPDS are as-
sumed to be so massive that the self-gravitational
force dominates over the electrostatic force.
• The wave self-gravitational potential increases with
the increase in the wave electrostatic potential.
This physics of it is that both the mass and the
magnitude of charge of both dust species increase
as the size of the dust species increases, and conse-
quently, the magnitude of charge of the dust species
increases as well as their mass increases.
To conclude, we have first time correctly identified the
basic features of arbitrary values of electrostatic and
gravitational potentials associated with the DA waves in
OPDP systems by numerical analysis of two coupled non-
linear differential equations derived from the continuity
and momentum equations for positive and negative dust
species, and Boltzmann ion species. We, therefore, hope
that our present investigation is useful in understand the
physics of localized electrostatic and self-gravitational
disturbances in space environments (viz. Earth’s meso-
sphere [1, 4], cometary tails [3], Saturn ring [2, 3], etc.)
and different laboratory devices [5–7].
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